The counting rule for Nambu-Goldstone modes is discussed using Mori's projection operator method in nonrelativistic systems at zero and finite temperatures. We show that the number of Nambu-Goldstone modes is equal to the number of broken charges, Qa, minus half the rank of the expectation value of [Qa, Q b ].
by Watanabe and Brauner (WB) [9] . They conjectured that the inequality in Eq. (1) is saturated for general systems. These results were obtained at zero temperature.
In this Letter, we generalize the Nambu-Goldstone theorem in relativistic systems to that in nonrelativistic systems at zero and finite temperatures, and we prove that the inequality in Eq. (1) is saturated. We give an alternative definition of type-I and type-II NG modes by using a matrix [Q a , Q b ] , and show that the number of type-II NG modes is equal to rank [Q a , Q b ] /2, and the NC inequality is also saturated.
For this purpose we apply Mori's projection operator method [10] to systems in which spontaneously symmetry breaking occurs. In this approach, a Hamilton (Langevin) equation for NG modes is derived at zero (finite) temperature, in which the expectation value of the commutation relations for NG fields and charge densities become the Poisson brackets for their fields, i.e., NG fields and charge densities are canonical variables. The Hamiltonian formalism for NG modes in nonrelativistic systems at zero temperature was discussed in an analysis of specific models [11] . We develop the analysis in a model independent and nonperturbative way.
In the following, we consider the case that the translation symmetry is not spontaneously broken, and that the broken charges do not explicitly depend on spacetime variables, i.e., the conserved charge densities are uniform [9] , n a (t, x) = e iP ·x n a (0, 0)e −iP ·x , where P µ are the spacetime-translation operators.
Mori's projection operator method -Here, we briefly review Mori's projection operator method [10] , which is a powerful tool for discussing the low-energy excitations, and essential for proving our theorem for nonrelativistic systems. For readers who are unfamiliar with this method, see, e.g., Ref. [12] [13] [14] [15] [16] for more details of this method.
Consider a set of operators {A n (t, x)} corresponding to the soft modes, chosen to be NG fields and broken charge densities. First, we define the thermal average of an arbitrary operator O as O ≡ tr ρ eq O, where we choose ρ eq as the canonical-ensemble-density operator, ρ eq ≡ exp(−βH)/ tr exp(−βH), with the Hamiltonian H and the inverse temperature β = 1/T . One may consider the grand canonical ensemble, by replacing H with H − µN , where µ and N are the chemical potential and the conserved charge operator, respectively.
Next, we introduce an inner product for arbitrary operators O 1 and O 2 : 
We also define g ml (y − z) as the inverse of g nm (x − y), i.e.,
Here, we used Einstein notation: if an index appears twice in a single term, once as a superscript and once as subscript, a summation is assumed over all of its possible values. An operator with an upper index is defined as
Since the metric is the two-point function of A n , the inverse metric coincides with the second derivative of the effective action, βΓ (A n ), with respect to A n :
where the effective action is given by the Legendre transformation of the generating functional W (J n ):
with
In order to decompose the degrees of freedom into the slow modes and others, we introduce the projection operator P acting on a field B, given by
We also define Q ≡ 1−P. These satisfy P 2 = P, Q 2 = Q, and QP = PQ = 0. Now, let us derive a generalize Langevin equation from Mori's projection operator method by reconstructing the Liouville equation, ∂ 0 A n (t, x) = iLA n (t, x), where LO ≡ [H, O]. The formal solution of the Liouville equation is obtained as A n (t, x) = e iLt A n (0, x). First, we decompose ∂ 0 e iLt into ∂ 0 e iLt = e iLt iL = e iLt PiL + e iLt QiL.
Next, consider the Laplace transform of exp(iLt), which can be decomposed into
The inverse Laplace transform leads
Substituting Eq. (12) into the second term in the right hand side of Eq. (10), we obtain the operator identity,
(13) Acting Eq. (13) to A n (0, x), we obtain the generalized Langevin equation of motion [10] ,
Here iΩ n m (x−y) is the streaming term, K n m (t−s, x−y) is the memory function, and R n (t, x) is the noise term defined as
where θ(t) is the step function. Note that this equation is an operator identity, and thus Eq. (14) is equivalent to the Liouville equation. The noise term is orthogonal to A m (0, x), i.e., (A m (0, x), R n (t, y)) = 0, so that it drops out when the two point function (A n (t, x), A m (0, y)) is considered. Therefore, the dispersion relation for A n can be determined by the linear equation with iΩ n m (x − y) and K n m (t, x − y). In momentum space, we can write the equation as
in matrix notation. This is the basic equation used in the our analysis. Nambu-Goldstone theorem-Let us start with the Nambu-Goldstone theorem for the effective potential [3] . Consider a set of conserved charges,
which commutes with the Hamiltonian: [Q a , H] = 0. When the symmetry is spontaneously broken, there exists a matrix,
such that M nφ is regular, where i and a run from 1 to the number of broken symmetries N BS . We assume that φ i (x) are not conserved charges. Without loss of generality, φ i can be chosen to be a real field. Here, let us consider the effective potential defined as
contain NG fields and broken charge densities, where V denotes the space volume. We parametrize Φ = (φ i , ϕ j ) and N = (n a , n b ), where φ i (ϕ j ) and n a (n b ) are (non-) NG fields and (un-) broken charge densities.
The effective potential is invariant under the infinitesimal symmetry transformations:
that is,
This is an identity of the effective potential. If Φ i and N a belong to linear representations of a Lie group, they
, where T a and f ab c are the generator and the structure constant, respectively. Differentiating Eq. (23) with respect to Φ i or N a , we obtain
At the stationary point, the first terms in Eqs. (24) and (25) drop, and only terms with NG fields and broken charges survive. Equations (24) and (25) become
where we used matrix notation, and
Therefore, one finds that (φ
with the vanishing eigenvalue. The number of eigenvectors is equal to the number of broken symmetries. In Lorentz invariant systems, M nn = 0 because non Lorentz scalar operators cannot condense. In this case, the inverse of propagator at k µ = 0, V φφ , vanishes from Eq. (26), which implies the propagator of φ have poles at k 2 = 0. The number of NG modes coincides with the number of eigenvectors, i.e., the number of broken symmetries, and their dispersion is ω = |k|. This is the NG theorem in Lorentz invariant systems. In the case of nonrelativistic systems, however, the number of NG modes may differ from the number of broken symmetries.
To derive the counting rule for NG modes in nonrelativistic systems, we choose the operators in Eq. (14) as
and n a (x) ≡ n a (x) − n a (x) . We assume that no other zero modes that couple to NG modes exist in the system. If this is not the case, we must add a field coupled to the zero mode to A n as a slow variable and solve the coupled equations. Now, let us consider the Laplace transformation of the memory function, K(z, k), which gives the dissipation of NG modes. We are interested in the behavior of the memory function at low energy and low momentum, so we take z → 0 and
The first and second terms δM φφ and L φφ , is called the Onsager coefficients. Both are real, and δM
T φφ are satisfied. δM φφ gives a correction of M φφ . L φφ , which represents dissipation of the field is related to a spectral function at the zero frequency, and it vanishes at zero temperature because there is no spectrum at the zero frequency and the zero momentum. Since M φφ (k) and K φφ (z, k) appear as a combination M φφ (k) − K φφ (z, k) in the Langevin equation [see Eq. (18)], δM φφ can be renormalized to M φφ by the shift M φφ → M φφ − δM φφ and βK φφ → βK φφ − δM φφ . The third term δZ φφ denotes the correction of the wave function. In the following we drop δZ φφ , which will be justified later in the analysis of zero modes. First let us consider the case at zero temperature dropping the memory function. Then, the equation of motion becomes (0)), which coincides with M αβ and V αβ at k = 0, respectively. Equation (28) has a form of a Hamilton equation. M αβ (k) can be identified as the Poisson bracket for α and β. We assume det M αβ (k) = 0, which ensuresφ andñ are independent canonical variables. Γ αβ (k) corresponds to the hessian of the Hamiltonian, whose eigenvalues are all positive at k = 0, and N BS of them becomes zero at k = 0, i.e., rank(V αβ ) = N BS . The eigenmodes are obtained by det(iω+iΩ) = 0. ω have always real ±E n pairs (E n ≥ 0, n = 1, · · · , N BS ) since this is the Hamiltonian system with nonnegative hessian.
At k = 0, iΩ n φ (0) and iΩ n n (0) vanish from Eq. (26), which is equivalent to the conservation law dQ a /dt = 0. We also obtain
where
nn can be identified as the inverse decay constant (matrix) for the NG modes up to a renormalization factor, and G = M nn M φn −1 . F −1 is a regular matrix, which can be confirmed as follows: Consider V = M αδ V δγ M γβ . Since M αβ is a regular matrix, rank(V ) = rank(V αβ ) = N BS is satisfied. V is explicitly obtained as
Then, rank(V ) = rank(
The rank is equal to the matrix size, so that F −1 is a regular matrix. The equations of motion become
Then, the eigenvalue equation
The number of massive modes coincides with rank(
φn )/2 = rank(M nn )/2. Therefore, we arrive at
Equation (33) is nothing but the WB conjecture. At a finite temperature, the Onsager coefficient, L φφ , contributes to the equation of motion. This effect can be included by replacing M φφ with M φφ − L φφ . In this case, the above counting rule does not change as long as det M αβ = 0.
Next, let us classify the NG modes. Differentiating Eq. (31) by ∂ 0 , we obtain
We define the NG fields satisfying Gφ I = 0 as type-I NG fields, and others that are linearly independent ofφ I as type-II NG fieldsφ II . Obviously, the number of type-I NG fields is equal to N BS − rank(M nn ), which coincides with the number of type-I NG bosons, N type-I , because ∂ 2 0φI = 0. On the other hand, the number of type-II NG modes is equal to rank(M nn )/2 ≡ N type-II . Since N NG = N type-I + N type-II , we find
from Eq. (33). This is the saturation of the NC inequality [5] . Equations (33) and (35) are the main results in this Letter. Here, let us discuss whether the correction of the wave function δZ φφ in Eq. (27) is relevant to the counting rule of the zero modes.
. For the type-I NG modes, this correction is irreverent because Gφ I = 0. For the type-II NG modes, the second derivative is higher order; therefore, δZ φφ is irreverent to the counting rule of NG modes.
Explicit breaking and mass formulae-Here we discuss the masses of the NG modes when an explicit breaking term is added. Suppose the symmetry is explicitly broken by an interaction term δV = Φ i h i . In this case, the contribution from the explicit breaking term is obtained from Eq. (24):
where we used δV/δΦ i = h i . Therefore, the equation of motion becomes
For general cases, it is not easy to derive the dispersion relation from Eq. (37), so here we consider a special case: the symmetry breaking term does not mix the type-I and the type-II fields, so we can decompose the explicit breaking term to
and thus, the squared mass matrix for type-I NG modes becomes m On the other hand, the equation of motion forφ II is
where we dropped the ∂ 2 0φII (t, 0) term because it is higher order in h. Since the ∂ 0 ∼ h in Eq. (39), the squared mass becomes m 2 type-II = O(h 2 ). The NG modes of type-I and type-II have different type of mass formula: the squared mass is proportional to the h and h 2 for type-I and type-II NG modes, respectively. The order counting of the mass matrices for type-I and type-II NG modes does not change even if the mixing term between their modes exists in F −1 iΩ n φ [18] . For a typical case at finite momentum, the order of the momentum dependence corresponds to h ∼ k 2 , then the dispersion of type-I NG modes is ω ∼ |k|, and that of type-II NG modes is ω ∼ k 2 . In this case, the classification of type-I and type-II in this Letter is the same as that by Nielsen-Chadha.
Summary and outlook -We have derived the counting rule for the NG modes, Eqs. (33) and (35), in nonrelativistic systems at zero and finite temperatures. Our method is model independent; the details of the theory are reflected by the expectation value of commutation relations for the NG fields and the broken charges, as well as the second derivative of the effective action. To derive the counting rule, we employed the following assumptions: (1) The broken charges are uniform; (2) Translation symmetry is not broken; (3) det M nφ = 0 and det M αβ = 0 exist. The assumption (1) implies that the local operator does not explicitly depends on spacetime variables. The assumption (2) is necessary that NG modes are to be eigenmodes of momentum. Our method can also apply to the systems where spacetime symmetry is spontaneously broken; this is beyond the scope of this work.
